
 
Cents and the Central Limit Theorem 

Overview of Lesson 
In this lesson, students conduct a hands-on demonstration of the Central Limit Theorem. They 
construct a distribution of a population and then construct a sample from the population. From 
the samples, they create an approximate sampling distribution of the mean and observe how the 
shape, mean, and standard deviation (standard error) of the sampling distribution of the mean 
differ from those of the population and how these features depend on the sample size. 
	  
Specifically, students construct a distribution of the population of the ages of a large number of 
pennies by placing each penny on a number line above its age (current year – year the penny was 
made). This distribution will have roughly the shape of a geometric distribution. Then, students 
will compute the mean ages of pennies in samples of size 5 taken from that distribution, using 
nickels to construct the resulting approximate sampling distribution of the mean. They describe 
the shape, mean, and standard error of the sampling distribution.  
 
After repeating for samples of size 10 and of size 25 (using dimes and quarters to construct the 
sampling distribution), students will observe that, with increasing sample size, the shape of the 
sampling distribution becomes more normal, the mean remains the same, and the standard error 
decreases with 1/ n . In this sense, students will derive the Central Limit Theorem. 
 
GAISE Components 
This activity follows all four components of statistical problem solving put forth in the 
Guidelines for Assessment and Instruction in Statistics Education (GAISE) Report. The four 
components are: formulate a question, design and implement a plan to collect data, analyze the 
data by measures and graphs, and interpret the results in the context of the original question.  
This is a GAISE level C lesson. 
 
Common Core State Standards for Mathematical Practice 
1. Reason abstractly and quantitatively. 
2. Model with mathematics.  
3. Use appropriate tools strategically. 
 
Common Core State Standards Grade Level Content  (Middle School & High School) 
6.SP. 1. Develop understanding of sampling variability 
7.SP. 1. Use random sampling to draw inferences about a population 
7.SP. 3. Investigate chance processes and develop, use, and evaluate probability models 
S-ID.1. Represent data with plots on the real number line (dot plots, histograms, and box plots). 
S-IC.1. Understand statistics as a process for making inferences about population parameters 
based on a random sample from that population. 



S-IC.B.4 Use data from a sample survey to estimate a population mean or proportion; develop a 
margin of error through the use of simulation models for random sampling. 
 
 
  



NCTM Principles and Standards for School Mathematics 
Data Analysis and Probability Standards for Grades 9-12 

 
Formulate questions that can be addressed with data and collect, organize, and 
display relevant data to answer them: 
• understand the meaning of measurement data and categorical data, of univariate and 

bivariate data, and of the term variable; 
• understand histograms, parallel box plots, and scatterplots and use them to display data. 

 Select and use appropriate statistical methods to analyze data: 
• for univariate measurement data, be able to display the distribution, describe its shape, 

and select and calculate summary statistics; 
Develop and evaluate inferences and predictions that are based on data: 
• use simulations to explore the variability of sample statistics from a known population 

and to construct sampling distributions 
• understand how sample statistics reflect the values of population parameters and use 

sampling distributions as the basis for informal inference. 
 
Prerequisites 
Students will have knowledge of constructing dotplots, taking random samples, calculating the 
mean and standard deviation, and will have had an introduction to sampling distributions. 
Students will understand the mean as the balance point of a distribution and the standard 
deviation as a measure of spread. 
 
Learning Targets 
Students learn that if the population is not already normal to begin with, the shape of the 
sampling distribution of the sample mean becomes more approximately normal as the sample 
size increases. This is called the Central Limit Theorem. Further, the mean of the sampling 
distribution is equal to the mean of the population, for all sample sizes. The standard deviation 
(called the standard error) of the sampling distribution is equal to the standard deviation of the 
population divided by the square root of the sample size. They learn to use these facts to sketch 
the sampling distribution of the sample mean. 
	  
Time Required  
About 60 minutes to complete the activity (this does not include the assessment or extensions). 
 
Materials Required 

• At least 400 pennies recently taken from circulation. Our recommendation: about two 
weeks before teaching the lesson in class, ask each student to collect the first 25 pennies 
that he or she receives in change. (If you have fewer than 20 students, have them collect 
more.) Students should bring the pennies to class along with a list of the dates on the 
pennies. In order to make the most of your class time, you should have students give you 
their penny age lists the class session before the activity. Then, you can enter the ages 
into statistical software so they will be available on the day of the activity.  

• The number of nickels, dimes, and quarters that equal the number of pennies you will use 
in class (e.g. 400 pennies is equal to $4 which is 16 quarters). If you prefer, ask each 
student to bring in five nickels, five dimes, and five quarters (fewer with a larger class). 



• The class should have tape and marking pens to make number lines on the floor of your 
classroom (see photos below). 

• A camera (optional). 
• A computer or calculator with statistical software that makes histograms and computes 

means and standard deviations.  
• If you are able to use the pennies for future class periods: sealable sandwich bags to 

collect pennies by year after completing the activity (optional). Also, a permanent marker 
to label each bag (see photo below). 
 

 
	   	  



Instructional Lesson Plan 
 
Cents and the Central Limit Theorem 
 
Students construct a population distribution for the age of pennies (see photo below for an 
example). Students then construct approximate sampling distributions for the sample mean  
for each of three sample sizes, n = 5, n = 10, and n = 25 (see photos below). They will calculate 
the mean and standard deviation for each distribution.  Students are asked to compare the 
population and the sampling distributions of the sample mean  for these sample sizes in order 
to see the effect of sample size on the distribution. They then observe that even when the 
population distribution is not normal, the sampling distribution of the sample mean  can be 
approximately normal, with a large enough sample size. Finally, students summarize this 
observation with an informal statement of the Central Limit Theorem. 
 
I. Formulate the Question 
 
Many population distributions are not normal or any other standard shape. In this activity, 
students will observe the shape, mean, and standard deviation of the sampling distribution of the 
mean for samples taken from a skewed distribution. The question of interest for this lesson is:  If 
the shape of a distribution isn't normal, can the shape of the sampling distribution of the means 
be predicted? 
 
II.  Design and Implement a Plan to Collect Data 
Pass out the student activity sheet. It is an activity for the whole class to do together. 
 
The numbers below correspond to the question numbers on the activity sheet. 
 
1. Question 1 asks students why you instructed them to bring pennies that just came out of 

circulation. Students should realize that this procedure gives them a population of pennies 
that should be representative of all pennies in circulation. If students got wrapped pennies 
from the bank, for example, they might all be new. If students brought in pennies hoarded in 
a drawer for years, the pennies would tend to be older than pennies from recent circulation. 

 
2. If they haven’t brought a list to class, ask each student to record the dates and ages of their 

pennies on the activity sheet. Throughout this activity, be sensitive to the fact that some 
students may have difficulty reading the dates on the pennies. Some pennies may be 
impossible to read, so it is recommended that the teacher have 10-20 back-up pennies just in 
case or bring materials to clean the pennies at home. 

 
3. Tell students that the collection of pennies will be their population. Ask them to predict the 

shape, mean, and standard deviation of this population. Few students will realize that the 
shape will be skewed right (approximately geometric). Students tend to think that the 
distribution will be normal. ("A few pennies are new, a few pennies are old, most are lumped 
in the middle.") Others may guess a uniform distribution (“About the same number of 
pennies are made each year.”) At this stage, simply record the class consensus of the 
predicted shape, mean, and standard deviation on the board. 

X

X

X



 
III.  Analyze the Data  
 
4. Ask students to construct the distribution by placing the pennies above the number line on 

the floor of your classroom that you or a student has made using masking tape. Unless you 
have already done this, ask each student to give their list of ages to a student who will enter 
them into a spreadsheet, all in one column of a table.  

 
Students love to make the plot by placing the pennies themselves, but this can take time. 
Below are a few possible ways of speeding it up.  
 

Option 1: You could have each student first sort his or her own pennies and then give 
one student all of the pennies that are 0 years old, who places them on the number line. 
Another student collects all of the pennies that are 1 year old, etc.  
Option 2: You could construct the plot during a break in the class or collect the pennies 
the class session before and ask for volunteers (with sharp eyes) to come early next time 
to construct the plot.  
Option 3: You could skip making the plot with pennies. Instead, after collecting a list of 
the ages from the previous class session and use statistical software to create your 
distribution. 

 
One AP statistics class photographed the following distribution of the ages of their 
pennies. 
 

Distribution of Ages of Population of Pennies 

 
Source:	  	  students.kennesaw.edu/~jhl2881/Sixthpennies.htm 

5. The distribution is skewed right, with a shape that is approximately geometric. Suppose that 
about the same number of pennies are manufactured each year, which was the case until 
recently (see: "United States Mint Coin Production"). A large number of pennies get lost or 



damaged and go out of circulation each year. An estimate of the proportion that do so is 9%. 
That means about 91% stay in circulation each year. Therefore we should see that the height 
of each bar should be about 91% of the height of the bar to its left. The exception will be the 
first bar because the current year isn’t over, so all pennies that will be produced this year are 
not yet in circulation. 

 
It is best if you have all of the ages entered in a computer or calculator and can get the exact 
mean and standard deviation. Otherwise, students can estimate them from the plot. The mean 
age tends to be around 11 years with a standard deviation of around 11 years. 
 
Note: Before moving on to step 6, take a photograph of your distribution. 
	  

6. Then, mix up all of the pennies on the floor. Tell the students that they will be taking random 
samples of five pennies and computing the mean age of the five pennies. They will use 
nickels to make a sampling distribution of the mean ages of their samples of five pennies. 
Ask them to predict the shape and whether the mean and standard deviation will be smaller 
than, equal to, or larger than the mean and standard deviation of the population. 

 
Most students correctly predict that the shape will be skewed right, but they will be uncertain 
about the mean and standard deviation. Most students won’t realize that the mean will be the 
same as that of the population. A typical answer is to say it will be smaller. Many students 
won’t realize that the standard deviation will be smaller than that of the population. 

 
7. Make another plot on the floor. This time have students place a nickel at the mean age of his 

or her random sample of five pennies. For example, if the student’s sample is 6, 10, 8, 1, 18 
with mean 8.6, they’d put their nickel on the number line between 8 and 9 years old. 
Teachers need to be consciousness that the range of means will be less than the range of 
penny ages, so the range of values in the plot using the tape on the floor will need to be more 
spread out to accommodate decimal values. 

 
 Making the display of the distribution using nickels helps students visualize that the numbers 

graphed represent the means of samples, not individual values. The visualization stays with 
them, so if they get confused about the concept of sampling distribution later in the class, you 
can ask them to remember the pennies and nickels. 

 
Ask the students to return all of the pennies to the pile, mix them up again, and repeat until 
you have enough nickels to get a good estimate of the shape, mean, and standard deviation of 
the sampling distribution. 

 
It is best if there are about 100 nickels in the sampling distribution, so have each student 
compute the means of several samples of size 5. 
 
If the mean of the population of ages of pennies was, say 11 years with a standard deviation 
of 11 years, then the mean of the sampling distribution should be about 11 years with a 
standard deviation of about 11/ 5 ≈ 4.9  years. 

 



Take a photograph of your distribution. The photo below was made by the AP Statistics 
class. 

 
Distribution of Mean Age of Random Samples of 5 Pennies 

 
 

 
8. Leave the nickels on the floor. Have students repeat steps 6 and 7, but this time with samples 

of size 10. Use dimes to mark their sample means on a number line. If you are running out of 
time, use the computer to create the sampling distribution (instructions are in step 9). 

 
The distribution of dimes from the AP Statistics class is shown below. The shape is more 
symmetric, the mean remains in about the same place, and the standard deviation continues 
to decrease. 

  



Distribution of Mean Age of Random Samples of 10 Pennies 

 
 
9. Have students repeat steps 6 and 7, but this time with samples of size 25, using quarters to 

mark their sample means on a number line. Students will have to return their pennies to the 
pile before other students take their samples. If there are not enough pennies for students to 
complete this individually, students can form groups of 2-4 to complete this step. Also, if you 
do not have enough time to complete this step, you can use software. 

 
The distribution from the AP Statistics class is shown below. The shape with this sample size 
is approximately normal, the mean remains unchanged, and the standard deviation continues 
to shrink. 

Distribution of Mean Age of Random Samples of 25 Pennies 

	  



IV.  Interpret the Results 
 
10. Students should notice that the shapes of the distributions become more approximately 

normal as the sample size increases, the mean stays the same, and the standard deviation 
decreases. Specifically, the mean of the three sampling distributions should be approximately 
the same as the mean of the population of all pennies (which can be considered a sampling 
distribution for a sample size of size n = 1). The standard deviation of the sampling 
distributions should approximately equal the standard deviation of the population divided by 
the square root of the sample size. Symbolically, 

 
𝜇! = 𝜇   and 𝜎! =

!
!
 

 Here, µ is the mean of the population, σ is its standard deviation, and n is the sample size. 
The fact that the sampling distribution becomes more approximately normal is called the 
Central Limit Theorem. 

 
 To discover the formula for the standard deviation of the sampling distribution of the mean, 

students might make a table such as the following, using estimates of the standard deviation 
from their distributions. These estimates come from the example on Fathom. 

 
Sample Size, n Standard Deviation, SD 
1 (population) 9.2 

5 4.17 
10 2.88 
25 1.8 

 
After graphing the points and trying various functions, students find that the function 

SD = 9.2
n

 models the points well: 
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Assessment 
 
1. The characteristic of the shape of sampling distributions that you observed in step 10 in the 

activity is called the Central Limit Theorem. Write a statement of what you think the Central 
Limit Theorem says.	  

 
Answer: 
Suppose that sampling distributions of the mean are constructed for samples of size n taken 
from a population that isn’t normal. The Central Limit Theorem says that as n increases, the 
sampling distribution becomes more and more approximately normal.  
 
Students may add that if the population is skewed, sampling distributions of the mean will be 
skewed in the same direction, but less so for larger sample sizes than for smaller sample 
sizes. 
 

2. The distributions you constructed for samples of size 1, 5, 10, and 25 are approximate 
sampling distributions of the sample mean.  Sketch the sampling distribution of the sample 
mean for samples of size 36. 

 
Answer 
The sketch of the sampling distribution for n = 36 should be approximately normal, have the 
same mean as the distribution of the ages of all pennies, with standard deviation equal to the 
standard deviation of the ages of all pennies divided by 36 . 

 
 
Possible Extensions 
 
1. Find a page on the Internet that gives the number of pennies minted each year, for example 

http://en.wikipedia.org/wiki/United_States_Mint_coin_production. Graph the distribution of 
the number of pennies minted in each year. What are the interesting features of this 
distribution? Compare this distribution with the distribution of the “population” of ages of 
the pennies constructed by your class. How are they different? Why? How can you estimate 
the percentage of coins from a given year that are out of circulation? 

2. Using only your population of pennies, estimate the mean age of all pennies in circulation. 
Approximately how far off might this guess be? Explain your thinking in each case. 

Answer 

Students should realize that, here, they should think of their population of pennies as a 
sample of size, say 400 (or however many pennies they have), taken at random from the 
entire population of all pennies in circulation. Thus, the best estimate of the mean age of all 
pennies in circulation is to use to the mean of all of the pennies in their sample of size 400. 
To get an estimate of how far off this estimated mean age might reasonably be, students 
should use the standard deviation, SD, of their sample of several hundred divided by the 
square root of the sample size, 400. Students may know that 68% of such estimated mean 



ages should lie no farther that SD 400  from the mean age of all pennies in circulation and 
no farther than 1.96 ⋅SD 400  from the mean age of all pennies in circulation. 

3. A geometric distribution is one where the height of each bar of the histogram is a fixed 
fraction r of the height of the bar to the left. Describe the shape of a geometric distribution. 
Except for the first bar, is the distribution of the ages of the pennies approximately 
geometric? Estimate the value of r for this distribution.  What does r tell you about how 
pennies go out of circulation? Why is the height of the first bar shorter than one would expect 
in a geometric distribution? 

 
 Answer 
 

A geometric distribution has a shape like this (here, r is 5/6): 
 

 
 
If the same number of pennies were produced each year and the probability that any 
particular penny is lost remains constant for each penny for each year, then the distribution 
would be geometric. The value of r is the estimate of the proportion of pennies that stay in 
circulation each year. To estimate r, students could, for example, divide the number of 
pennies in the third bar by the number in the second bar. Because not all pennies for the 
current year will be in circulation yet, the first bar may be shorter than it should be for a 
geometric distribution, especially if the activity is done early in the calendar year. 
 
You may want students to explore why the distribution is approximately geometric. The 
reason is that if m pennies are put in circulation each year and each penny has probability r of 
remaining in circulation each subsequent year, then there would be m pennies 0 years old, rm 
pennies 1 year old, r(rm) = r2m pennies 2 years old, r(r2m) = r3m pennies 3 years old, etc. If 
the mean age of pennies in circulation is about 11 years, then because the mean of a 

geometric distribution is mean =  1
1− r

, the estimate of r is 0.91. So, the probability a penny 

stays in circulation each year is 0.91 and the probability it goes out of circulation is 0.09. 
 
4. Use Fathom to construct an approximate sampling distribution for the situation in 

Assessment 2.  Collect 500 measures for this distribution. Copy the histogram onto your 
paper. What is the mean and standard deviation of this distribution? Compare these to your 
theoretical ones in Assessment 2. Explain any discrepancies. 
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Activity Sheet 1 
 

Cents and the Central Limit Theorem 
 
For this activity, the population is the collection of the ages of all of the pennies brought to class. 
You will use these data to explore the relationship between a population distribution and a 
sampling distribution. During the activity, you will observe how the shape, mean, and standard 
deviation of the sampling distribution of the mean differ from those of the population and how 
the shape and standard deviation depend on the sample size. This activity will enable you to 
discover the Central Limit Theorem. 
 
Problem 
If the shape of a distribution isn't normal, can you make any inferences about the mean of a 
random sample from that distribution? 
 
1. Why did your instructor ask you to bring in pennies you had been given as change recently 

rather than getting them some other way (i.e. going to the bank for 20 pennies)? 
 
2. Enter the date of each penny in the table below. Alternatively, you can enter it into a 

spreadsheet. Next to each date, write the age of the penny. The age of the penny is found by 
subtracting the penny’s date from the current year (age = current year – year on penny). 

 
Date Age 

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  



3. Make a prediction of the shape, mean, and standard deviation of the distribution of the 
ages of the class’ pennies. 

 
Shape:           

 
Population Mean: ______________________________________ 
 
Population Standard Deviation: ___________________________   

 
4. Construct the distribution by placing the pennies above the number line on the floor of your 

classroom. While you are doing this, give the list of ages of your pennies to a selected 
student who will enter them into a software program. Note: for the student entering them into 
a software program, it is important to put the ages into one column of a table. (If your teacher 
has done this for you, skip this step.) 

 
5. For the distribution constructed in step 4, describe the shape of the distribution and compute 

(or estimate) the mean and standard deviation. How do these compare with your predictions 
in step 3? Explain why the distribution has the shape it does. 

 
Shape:           

 
Population Mean: ______________________________________ 
 
Population Standard Deviation: ___________________________   

 
Explain: ______________________________________________ 

 
  ____________________________________________ 
 
  ____________________________________________ 

 
6. Mix up all of the pennies on the floor. Each student will take a random sample of five 

pennies and compute the mean age of the five pennies.  
When you make a sampling distribution of the mean ages of your samples of five pennies, 
what do you predict the shape, mean, and standard deviation will be? Regardless of which 
you choose, try to make an argument to support each choice. 

 
Sampling Distribution Shape:           

 
Mean of the sampling distribution will be (smaller, the same, larger) than the mean of 
the population. 
 
Standard deviation of the sampling distribution will be (smaller than, the same as, 
larger than) the standard deviation of the population. 

 



7. As a class, make another plot on the floor, this time place a nickel at the mean age of your 
random sample of five pennies. Return all of the pennies to the pile, mix them up again, and 
repeat until you have enough nickels to get a good estimate of the shape, mean, and standard 
deviation of the sampling distribution.  

	  
Sampling Distribution Shape: ______________________________________ 

 
Sampling Distribution Mean: ______________________________________ 
 
Sampling Distribution Standard Deviation: ___________________________   

 
How do these compare to your predictions from step 6? 

 
 
 
 
8. Repeat steps 6 and 7, but this time with samples of size 10. Use a dime to mark your sample 

means on a number line. 
 
9. Repeat steps 6 and 7, but this time with samples of size 25. Use a quarter to mark your 

sample means on a number line. You will have to return your pennies to the pile before other 
students take their samples. 

 
10. Look at the four distributions that your class has constructed.  
 

a) What can you say about the shape of the distribution as the sample size, n, increases?  
 
 
 

b) What can you say about the mean?  
 
 
 

c) What can you say about the standard deviation?  
 
 
 
11. The standard deviation of a sampling distribution often is called the standard error. To find a 

formula for the standard error, begin by making a graph with the sample size plotted on the 
horizontal axis and the estimate of the standard deviation plotted on the vertical axis. In 
looking at the plot, what types of functions could possibly model the relationship (e.g., linear, 
quadratic, power, exponential, etc.)?  Use software or a calculator to help you fit the plot. 

 
 
12. You have now discovered the Central Limit Theorem.  In your own words, state what you  
       think the Central Limit Theorem says. 



Activity Sheet 2 
 

Are all sampling distributions Normal? 
 
 
1. Do you think the sampling distribution for the median will behave in a similar way?  
 

What do you predict the shape, variability, and center of the distribution will be? 
	  

Sampling Distribution Shape: ______________________________________ 
 

Sampling Distribution Mean: ______________________________________ 
 
Sampling Distribution Standard Deviation: ___________________________   
 
 

 
2. As a class, simulate three other sampling distributions. This time take random samples of 5 
pennies, 10 pennies, and 25 pennies. Compute the median for each sample. Return all of the 
pennies to the pile each time, mix them up again, and repeat until you have enough sample 
medians to get a good idea of the shape, mean, and standard deviation of the sampling 
distribution. How do these compare to your predictions? 

	  
Sampling Distribution Shape: ______________________________________ 

 
Sampling Distribution Mean: ______________________________________ 
 
Sampling Distribution Standard Deviation: ___________________________   

 
 
 
	  
 


